Partially coherent light is often preferable to its completely coherent counterpart in applications such as imaging, sensing, and free-space optical communications. To fully exploit its advantages, techniques able to retrieve information carried by the beam are required. Here, we develop and experimentally demonstrate a phase-space optics technique for complete spatial analysis of widely used Schell-model beams. It allows for fast information recovery and can be applied for quantitative phase imaging of objects under partially coherent illumination. The further development of imaging techniques requires a more realistic model of illumination as partially coherent light instead of its limiting cases: the coherent or incoherent light used so far. Moreover, partially coherent beams have important advantages with respect to completely coherent ones in other relevant applications such as lithography, plasma confinement, and free-space communication, to name a few. The description of partially coherent light is inherently complex, and its characterization is difficult even in the quasi-monochromatic scalar paraxial approximation. Indeed, a two-dimensional (2D) partially coherent beam is described by a complexvalued 4D function, that is, mutual intensity (MI) defined as Γr 1 ; r 2 hf r 1 f r 2 i, where: r 1;2 is the position vector in a plane transverse to the beam propagation direction and h·i stands for ensemble averaging. The coherent case corresponds to Γ c r 1 ; r 2 f r 1 f r 2 . Schell-model partially coherent beams (SMBs) [1], described by Γr 1 ; r 2 f r 1 f r 2 γr 1 − r 2 Γ c r 1 ; r 2 γr 1 − r 2 , where γr is an equal-time complex degree of spatial coherence (DoC), are often used in practical applications. This kind of beam is generated, for example, when a partially coherent plane wave characterized by γr propagates through an object described by a complex modulation function, f r, as sketched in Fig. 1(a) . We recall that, according with the van Cittert Zernike theorem, a partially coherent plane wave can be created by collimating light emitted from an incoherent source with intensity distribution I inc r. Specifically, γr ∝ R I inc r 0 exp−i2πr 0 r∕λf cl dr 0 , where λ is the wavelength and f cl is the focal length of the collimating lens [2] . Moreover, the generalization of structurally stable and spiral coherent beams to the partially coherent case is also described by the Schell model [3, 4] . In the last decades, special attention has been paid to coherent vortex beams that carry orbital angular momentum (OAM) useful for different applications such as optical tweezers and free-space communications [5] . On the other hand, the SMB vortex has been found more robust than its coherent counterpart to distortions caused by turbulent atmosphere [6, 7] . We underline that the valuable information carried by the SMB is often encoded into f r, while γr in most, but not all, cases is known.
The further development of imaging techniques requires a more realistic model of illumination as partially coherent light instead of its limiting cases: the coherent or incoherent light used so far. Moreover, partially coherent beams have important advantages with respect to completely coherent ones in other relevant applications such as lithography, plasma confinement, and free-space communication, to name a few. The description of partially coherent light is inherently complex, and its characterization is difficult even in the quasi-monochromatic scalar paraxial approximation. Indeed, a two-dimensional (2D) partially coherent beam is described by a complexvalued 4D function, that is, mutual intensity (MI) defined as Γr 1 ; r 2 hf r 1 f r 2 i, where: r 1;2 is the position vector in a plane transverse to the beam propagation direction and h·i stands for ensemble averaging. The coherent case corresponds to Γ c r 1 ; r 2 f r 1 f r 2 . Schell-model partially coherent beams (SMBs) [1] , described by Γr 1 ; r 2 f r 1 f r 2 γr 1 − r 2 Γ c r 1 ; r 2 γr 1 − r 2 , where γr is an equal-time complex degree of spatial coherence (DoC), are often used in practical applications. This kind of beam is generated, for example, when a partially coherent plane wave characterized by γr propagates through an object described by a complex modulation function, f r, as sketched in Fig. 1(a) . We recall that, according with the van Cittert Zernike theorem, a partially coherent plane wave can be created by collimating light emitted from an incoherent source with intensity distribution I inc r. Specifically, γr ∝ R I inc r 0 exp−i2πr 0 r∕λf cl dr 0 , where λ is the wavelength and f cl is the focal length of the collimating lens [2] . Moreover, the generalization of structurally stable and spiral coherent beams to the partially coherent case is also described by the Schell model [3, 4] . In the last decades, special attention has been paid to coherent vortex beams that carry orbital angular momentum (OAM) useful for different applications such as optical tweezers and free-space communications [5] . On the other hand, the SMB vortex has been found more robust than its coherent counterpart to distortions caused by turbulent atmosphere [6, 7] . We underline that the valuable information carried by the SMB is often encoded into f r, while γr in most, but not all, cases is known.
In this Letter we propose and experimentally demonstrate an iterative MI retrieval technique for arbitrary SMBs with a priori known or unknown DoC. It is based upon the measurement of the intensity distributions of the beam transformed by a fractional Fourier transform (FrFT) system, which has been demonstrated to be powerful for beam characterization [8, 9] . As an example, we analyze partially coherent vortex beams by reconstructing both their f r and DoC.
We recall that the FrFT of a complex field amplitude f r i for transformation angles α x ; α y is expressed as
which kernel is separable,
with q being a placeholder and α q ∈ 0; 2π. Here σ is a normalization factor, and r i;o x i;o ; y i;o t is given at input (i) and output (o) planes of the FrFT system. Note that F π∕2;π∕2 corresponds to the Fourier transform, while by applying F 0;0 the f r i is obtained. In the case of the partially coherent light, with Γr 1 ; r 2 at the input plane of the FrFT system, the intensity distribution at its output plane is expressed as it follows:
while in the coherent case it is written as I α x ;α y c r o jF α x ;α y f r i r o j 2 . A video rate measurement of these intensity distributions can be performed using the programmable FrFT setup reported in [10] , which is sketched in Fig. 1(b) . This setup comprises a CCD camera and two variable lenses, addressed into spatial light modulators (SLMs, Holoeye LCR-2500, 8-bit gray-level, pixel size of 19 μm), whose focal lengths are given as a function of the angles α x ; α y in a π interval. In this setup σ 1∕2λz, where λ 532 nm is the wavelength and z 50 cm is the distance between the lenses.
In general, the MI of an arbitrary partially coherent beam can be recovered from the set of intensity distributions fI α x ;α y pc r o g. However, in the case of a SMB not all the elements of this set are needed because such a beam has fewer degrees of freedom than a general one. Specifically, here we consider the reduced set fI α;−α pc r o g corresponding to the antisymmetric FrFT (aFrFT), F α;−α , further denoted as aFrFT, where the angle α belongs to a π∕2 interval. This set will be shortly referred to as fI α pc r o g. An astigmatic transformation such as the aFrFT increases reconstruction accuracy and robustness against noise as well as speeds up the convergence of iterative phase retrieval algorithms [11] . In contrast to conventional iterative algorithms the ones based on astigmatism allows for a unique solution for vortex beam recovery [11, 12] .
Introducing new variables, r r 1 − r 2 and R r 1 r 2 ∕2, Eq. (2) for the case of aFrFT is expressed as
Since for the coherent case the intensity I α c r o jF α;−α f r o j 2 is also obtained from the latter expression with γr 1, one can rewrite Eq. (3) as a convolution between the coherent intensity I α c r o andγ α r o :
whereγ α r o is the scaled antisymmetric FT, F −π∕2;π∕2 , of the input DoC:γ α r o F −π∕2;π∕2 γrr o csc α. Similar relations between the intensity distribution of coherent and partially coherent light in the FT and Fresnel domains have been studied in [2, 13] .
Let us first consider the recovery of the wavefield, f r, when the DoC, γr, is known. In this case the iterative aFrFT algorithm comprises two loops labeled with index m 1; …M and n 1; …; N, where M is the number of measured constraint intensities denoted as I ααm pc r o , and M × N is the total number of iterations. The wavefield at the input plane is g n r i , whereas at the detector plane (e.g., CCD camera) it is W m;n r o F αm;−αm g n r i r o . Without loss of generality, an arbitrary Gaussian function can be used as the initial estimate, g 1 r i . The whole process is described as follows: 
To estimate the accuracy of the reconstructed signal gr, the normalized inner product between it and the reference signal f r can be used: η j R f r grdrj 2 ∕ R jgrj 2 dr R jf rj 2 dr; see [14] . Note that this correlation parameter equals 1 when gr f r. It is well suited for comparing two complex-valued signals because it takes into account their intensity and phase. In the case of unknown reference f r, the rootmean-square (RMS) error between reconstructed and measured intensity distributions can be considered to evaluate the accuracy of the retrieved signal gr. Here, we considered the normalized RMS error (ε) given by To test the technique, we consider coherent and partially coherent vortex beams corresponding to a helical Laguerre-Gaussian mode: LG p;l r; w L jlj p 2πr 2 ∕w 2 exp−πr 2 ∕w 2 expilθ, where r 2 x 2 y 2 , tan θ y∕ x, w is the beam waist, and L jlj p is the Laguerre polynomial with radial index p and azimuthal index l (i.e., topological charge, with lℏ being the OAM per photon). Specifically, the signal f r LG 4;1 r; w 0.73 mm was encoded into a computer-generated hologram displayed by a SLM (Holoeye PLUTO, 8-bit gray-level, pixel size of 8 μm); see Fig. 1(a) . The vortex beams were generated by illuminating the hologram with a collimated coherent and partially coherent laser beam [9] , correspondingly. In our case, the partially coherent illumination was obtained by collimation of the laser light scattered by a rotating ground glass diffuser. This illumination beam has a DoC γr exp−πr 2 ∕2w 2 c , where w c 0.45 mm [9] . Therefore the resulting SMB is described by Γr 1 ; r 2 LG 4;1 r 1 ; wLG 4;1 r 2 ; w exp−πr 1 − r 2 2 ∕2w 2 c . The CCD camera (8-bit gray-level, pixel size of 4.6 μm) acquired all the constraint images (Q 1024 × 1024 pixels) at video rate; see Media 1.
The reconstruction of the coherent vortex LG 4;1 is shown in Figs. 2(a) and 2(b) for the theoretical and experimental cases, respectively. We used N 30 iterations and M 4 constraint images corresponding to α 0, 22°, 44°and 90°; see left panels of Figs. 2(a) and 2(b). The wavefield gr retrieved from the numerically simulated data [right panel of Fig. 2(a) ] coincides with the reference beam, f r LG 4;1 r; w, as follows from the correlation parameter η 0.999. In the experiment, the exact generation of f r is not possible due to limitations of the holographic encoding and the lack of flatness of the SLM displays that yields to phase aberrations in the retrieved phase of gr; see Fig. 2(b) . Although the experimental reference signal f r differs from the ideal one, the measured constraint images are in good agreement with the theoretical ones. As we have mentioned, in the case of unknown f r, the RMS error of the measured constraint images with respect the estimated ones can be used to estimate the accuracy of the recovery process. Due to the noise in the measurements, the RMS error is about 23%, which is reasonably good.
In the partially coherent case the number of constraint images, in the interval α ∈ 0; 90°, required for successful beam recovery is increased up to M 12. In general, the number of the needed constraints increases as the beam's coherence decreases in order to compensate the loss of information in every constraint image caused by partial coherence; see left panel of Fig. 2 ) are in good agreement with the theoretical ones. In the simulation, the correlation between the retrieved wavefield gr [ Fig. 2(c) ] and the reference one is η 0.98, while in the experiment the RMS error is 21%. In contrast, as observed in Fig. 2(e) , the reconstruction fails using the conventional retrieval algorithm ignoring that the beam is partially coherent. Indeed, the correlation drastically drops to η 0.41 in the simulation, while in the experiment the RMS error increased up to 56%. These results illustrate that the beam's coherence must be taken into account for correct information recovery [i.e., f r] and therefore for quantitative imaging applications.
The proposed iterative algorithm can be adapted to recover not only f r but also the DoC of SMBs. This requires an additional iterative routine in the algorithm for the DoC determination, as for example the RichardsonLucy deconvolution (RLD) reported in [13] . In our case, RLD is performed in each iteration step (i) as follows:γ , an arbitrary Gaussian function was used, which can be applied for any SMB because its DoC is such thatγ α is a real-positive function. Applying this modified algorithm with K 3, the wavefield gr [ Fig. 3(a) ] and the DoC-whose amplitude profile is displayed in Fig. 3(b) , red line-are successfully recovered from the experimental data. The retrieved gr apparently agrees with the one [ Fig. 2(d) ] obtained using the known DoC [its profile is also displayed in Fig. 3(b) , blue line]; however, their correlation is η 0.85. The main difference between them is the noise present in the retrieved phases that artificially decreases the correlation. Nevertheless, the DoC retrieved via RLD has a Gaussian-like profile with w c 0.43 mm, agreeing with the expected value w c 0.45 mm.
In our case, the developed algorithm permits SMB recovery within 2 min (Intel Core i7, Matlab R2013a). To quantitatively evaluate its performance, let us discuss the evolution of the RMS error of the estimated constraint images with respect the measured ones. The RMS error given as a function of the number of iterations (n) is displayed in Fig. 3(c) . Here we consider the reconstruction of the coherent vortex LG 4;1 (green color) and the partially coherent one, using both the known DoC (blue color) and the DoC retrieved via RLD (red color). The same number of constraints (M 12) in the range α ∈ 0; 90° was used in each case. In the simulation the convergence is reached at 0% of RMS error for the coherent case (continuous green line), while for the partially coherent beam in both cases, the known DoC and the one retrieved via RLD, the value of RMS error is 7%. We have found that a lower value of RMS error can be obtained by using more constraint images because more information about the wavefield and DoC is available. In the experiment [see scatterplots in Fig. 3(c) ] the RMS error is higher (about 20% in the coherent and partially coherent cases) due to the noise in the intensity measurements as well as limited sampling (e.g., pixel size and only 256 intensity gray levels).
In summary, the main strategies to retrieve essential information of partially coherent beams have been determined. The developed technique allows for fast and accurate recovery of both the DoC and the beam's spatial structure required, for example, in quantitative phase imaging [e.g., in microscopy, where f r plays the role of the object's image] and beam characterization.
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